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Introduction 


In this, the final unit of the course, we show how the theory of topological 
spaces is used to great effect in the study of fractals, an area where there is 
much current interest and research activity. You have probably seen 
computer-generated pictures of fractals and may even have produced such 
pictures yourself. One picture you may have seen is the von Koch 
snowflake (Figure 0.1). 

There is no standard definition of a fractal, but there are certain 
characteristics that we expect a fractal to have. The von Koch snowflake is 
typical of many fractals in the following ways: 

► it has a fine structure — the closer you look at it, the more detail you 
see; 

► it has some degree of self-similarity — the same patterns keep 
appearing; 

► it is difficult to describe in terms of classical geometry. 

Despite having an intricate structure, many fractals can be defined very 
simply. In this unit we use the Contraction Mapping Theorem of Unit C4 
to generate a large class of fractals, including the von Koch snowflake. 

We also look at the dimensions of fractals. Many fractals cannot be 
described adequately in terms of the usual integer-valued definitions of 
dimension. For example, the von Koch snowflake does not have finite 
length (suggesting that it has dimension greater than 1) and has zero area 
(suggesting that it has dimension less than 2). We introduce a definition of 
dimension that gives a good indication of the ‘size’ of many fractals, but 
which can take non-integer values. 

Study guide 

In Section 1, Examples of fractals, we look at some well-known examples of 
fractals and investigate their properties. You need to become familiar with 
these examples since they appear throughout the unit. 

In Section 2, Using the Contraction Mapping Theorem , you will see how 
the Contraction Mapping Theorem gives a method for generating a large 
class of fractals. This is the longest section of the unit, and you may wish 
to spend more than one study session on it. Section 2.4 is not assessed. 

In Section 3, Dimensions of fractals, we show a way of defining the 
dimension of a fractal. 

There is software associated with this unit. It enables you to generate 
pictures of fractals by using the ideas introduced in Section 2, and you will 
be able to use it at any time after studying this section. 



von Koch snowflake 


Figure 0.1 

Unit C4, Section 3. 





1 Examples of fractals 

After working through this section, you should be able to: 

► describe the middle-third Cantor set , the Sierpihski gasket and 
the von Koch snowflake ; 

► explain what is meant by a similarity ; 

► determine the ratio of a similarity; 

► identify self-similar sets and the similarities defining them. 


In this section we look at some well-known examples of fractals. By 
studying their properties, you should get a feeling for the characteristics 
that are typical of fractals in general. 

1.1 Cantor sets 

We begin by looking at a class of fractals known as Cantor sets. These are 
subsets of the real line that are obtained by systematically removing open 
intervals from a closed interval, to obtain a compact, totally disconnected 
set. The best-known of these is the middle-third Cantor set that you met 
earlier (see Figure 1.1). 


Figure 1.1 Middle-third Cantor set 

You may recall that we obtain the middle-third Cantor set by a simple 
recursive procedure. We begin with the line segment K 0 = [0,1]. 


Figure 1.2 


We then remove the open middle-third of K 0 — the open interval (|, |) — 
leaving a set Ki made up of two closed intervals, each of length one-third. 
So 

Ar, = [o,i]u[§,i]. 
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K x 


Figure 1.3 

We then apply the same procedure to each of the two line segments in K Y 
to give the set 

*2 = [0,5] U[f,f]u[l, |]U [§,!]. 
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Unit C2 , Example 3.2. 


This explains the name 
middle-third Cantor set. 


Figure 1.4 
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We continue in this way, constructing a set K n for each n € N. Thus K n is 
formed by removing the open middle-third of each line segment in K n -\. 
The set K n consists of 2" closed intervals, each with length 

The middle-third Cantor set is the intersection of the sets K n . We denote 
this set by 

K C = f| K n- 
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- Ki 

- K 2 



Figure 1.5 

Each set K n is closed and bounded, and hence compact. Since K n+ \ C K n 
for each n G N, the Cantor set K c is the intersection of a nested sequence 
of non-empty compact sets and is therefore non-empty and compact. In 
fact, K c contains the endpoints of each of the 2" line segments forming 
K n , for each n € N, since none of these endpoints is removed in the 
recursive procedure. Thus Kc is an infinite set. 

Problem 1.1 -- 

For each neN, calculate the total length L n of the line segments that 
form K n , and find lim,,^^ L n . 


Since Kc is a subset of K n for each n € N, the solution to Problem 1.1 
suggests that K c has ‘zero length’, and is therefore ‘smaller’ than a 
1-dimensional set (such as a line segment). It is also ‘larger’ than a 
O-dimensional set (such as a point), since it contains infinitely many 
points. In Section 3, we give a definition of dimension that allows us to 
assign Kc a dimension between 0 and 1. 

Self-similarity 

In the construction of the middle-third Cantor set, the set K\ is made up 
of two copies of K 0 , each scaled by |. 



Si(Ko) 



S 2 (K 0 ) 


Figure 1.6 

Similarly, the set K 2 consists of two copies of K\, each scaled by | — and 
in general, for each n G N, the set consists of two copies of K n , each 

scaled by 


You will see that many 
fractals can be defined by a 
similar recursive method. 


Unit C2, Theorem 3.10. 


In fact, Kc contains 
uncount ably many points. 




The mappings taking K n to these two smaller copies of itself are the 
functions 5i, S 2 : R —> R, defined by 

Si(x) = \x and S 2 {x ) = \{x + 2). 

The mapping Si scales the Cantor set by |, and the mapping S 2 scales the 
Cantor set by | and translates the resulting set | to the right. 

Each of the mappings Si and S 2 is a similarity. 


Definition 

A mapping S : R m —> R m is a similarity if there is a c > 0 such that 
d (m) (S(x),S(y)) = cd (m) (x,y) for all x,y G R m . 

The constant c is the similarity ratio. 


Each of the functions Si and S 2 scales by |, so has similarity ratio Any 
translation, reflection or rotation has similarity ratio 1, because all the 
distances remain unchanged. 

A similarity from R 2 to R 2 has the form 

S(x) = cAx T + y, 

where A is a 2 x 2 orthogonal matrix, y is a translation vector, and c is 
the similarity ratio. In particular, if S involves an anticlockwise rotation 
by 9 about the origin, then 


Here x T denotes the 
transpose of x. 

A is orthogonal if AA T 


( cos 9 — sin 9 \ 

\ sin 9 cos 9 J ’ 


Problem 1.2 _ 

Write down the similarity ratio of each of the following mappings. 

(a) S: R —> R defined by S(x) = \x + 3. 

(b) S:U 2 -> [R 2 defined by S({x,y)) = (\y, |(x + 3)). 


For the similarities Si and S 2 used to define the Cantor set, each set K n in 
the construction of K c satisfies 

K n +\ — Si(K n ) U S 2 (K n ). 

Since K c is a ‘limit’ of the sets A n , we may expect that 
K c = Si(Kc)US 2 (K c ). 


e 




Si(Kc) 


S 2 (K c ) 


Figure 1.7 


In Section 2, we show that this is indeed the case. We say that the 
middle-third Cantor set is self-similar. 
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The set A consists of k copies 
of itself, each of which is the 
image of A under a similarity. 


The self-similarity of the middle-third Cantor set means that it is regular, 
with the same patterns (but smaller) appearing again and again the closer 
you look at the set. 

Most fractals have some degree of self-similarity. There are also many 
simple sets that are self-similar. 

Problem 1.3 _ 

Show that the line segment [0,1] is self-similar, by writing down two 
similarities Si, S 2 : R —> with similarity ratios 0 < C\ < 1 and 0 < c 2 < 1, 
such that 

[0,l] = Si([0,l])uS 2 ([0,1]). 


Definition 

A set A C [R m is self-similar if there are similarities S, : [R m —► R”' 
with similarity ratios 0 < c» < 1, for 1 < i < k, such that 

A=U5,(A). 

i=l 


Not all simple sets are self-similar; for example, it can be shown that no 
circle is self-similar. 

Many other fractals can be obtained by a procedure similar to that used to 
obtain the middle-third Cantor set. We now ask you to investigate one of 
these. 

Problem 1.4 _ 

Let K 0 = [0,1]. Remove the second and fourth quarters of K 0 to give a 
new set 
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Figure 1.8 

For each n G N, apply this procedure to each closed line segment in K n to 
give a new set K n +i. 

(a) Draw the set K 2 . 

(b) For each n G N, calculate the total length L n of the line segments that 
form K n , and find lim^oo L n . 

(c) Write down similarities Si, S 2 : U —> U such that 

K n +1 = Si(K n ) U S 2 {K n ) for each n G N, 
and state their similarity ratios. 
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1.2 The Sierpinski gasket 

Our next example of a fractal is the Sierpinski gasket (Figure 1.9). 



Sierpinski gasket 


Figure 1.9 



Figure 1.10 


This fractal is obtained by a recursive procedure. We begin (Figure 1.10) 
with an upright closed equilateral triangle K 0 whose base is the line 
segment joining the points (0,0) and (1,0). 

We then remove an open equilateral triangle from K 0 , leaving a set K x 
made up of three closed equilateral triangles, each with height half that 
of K 0 (Figure 1.11). 


Waclaw Sierpinski 
(1882-1969) was one of the 
founders of the Polish school 
of mathematics, which 
focused on point-set topology, 
real analysis and logic. He 
published more than 600 
papers, and introduced a 
number of thought-provoking 
sets, including the ‘gasket’ 
that is named after him. 



(°’°) K\ C 1 ’ 0 ) (0,0) (1,0) 

Figure 1.11 Figure 1.12 

We apply this procedure to each of the three triangles in K x to give a new 
set K 2 (Figure 1.12). 

We continue in this way, constructing a set K n for each n E N. The set K n 
is formed from 3 n equilateral triangles, each with height l/2 n times the 
height of K 0 . The Sierpinski gasket K G is defined to be the intersection of 
the sets K n , 

K g = f| K n . 

nGN --- 




10 



K 0 Ki K 2 K n K g 


Figure 1.13 

Each set K n is closed and bounded, and hence compact. Since K n +\ C K n , 
for each n G N, the Sierpinski gasket K G is the intersection of a nested 
sequence of non-empty compact sets, and is therefore non-empty and 
compact. In fact, K G contains the boundary of each of the 3 n equilateral 
triangles forming K n , for each n G N, since no boundary points are 
removed in the recursive procedure (Figure 1.13). 

Problem 1.5 _-— 

For each n G N, calculate the total length of the boundaries of the 3 n 
equilateral triangles that form K n . Deduce that the Sierpinski gasket K G 
does not have finite length. 


We now ask you to show that K G has ‘zero area’. This is more surprising, 
since each set K n has positive area. 

Problem 1.6 ___ 

For each n G N, calculate the area of K n . Deduce that the Sierpinski 
gasket has zero area. 


The Sierpinski gasket seems to be smaller than a 2 -dimensional set (such 
as a rectangle), since it has zero area, and yet it seems to be larger than a 
1 -dimensional set (such as a line segment), since it is bounded but does not 
have finite length. 

Note that the Sierpinski gasket appears to be self-similar — it appears to 
be made up of three copies of itself, each with height \ times the height of 
the whole gasket. 

Problem 1.7 _ 

Let K 0 and K x be the first two sets in the construction of the Sierpinski 
gasket. Write down three similarities Si,S 2 ,S 3 :R 2 —> R 2 such that 

K 1 = S 1 (K 0 )US 2 (K 0 )US 3 (K 0 ), 

and state their similarity ratios. 


For three such similarities Si, S 2 and S 3 , 

Kn+ 1 = S^Kn) U S 2 (K n ) U S 3 (K n ), 
for each n G M, and this suggests that 
K g = Si(K g ) U S 2 (K g ) U S 3 (K g ). 

Many other fractals can be obtained by a procedure similar to that used to 
obtain the Sierpinski gasket. 


Unit C2 , Theorem 3.10. 


We address this issue in 
Section 3. 


We justify this in Section 2. 
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Problem 1.8 _ 

Let K 0 be the closed square with corners at the points (0,0), (0,1), (1,0) 
and (1,1). Divide K 0 into nine subsquares and remove all but the middle 
and corner closed subsquares to give a new set K x . 


( 0 , 1 ) ( 1 , 1 ) ( 0 , 1 ) ( 1 , 1 ) 

1 
3 


1 _ 

3 

(0,0) Ko (1,0) (0,0) Ki (1,0) 

Figure 1.14 

For each n G apply this procedure to each of the closed squares in K n 
to give a new set K n+ Let K denote the intersection of the sets K n . 

(a) Draw the set K 2 - 

(b) Show that K is non-empty and compact and has zero area. 

(c) Write down five similarities S 2 t - •, S^.M 2 M 2 such that 

5 

^n+1 — u Si(K n ) for each n £ N, 

i=l 

and state their similarity ratios. 



1.3 The von Koch curve 

We conclude this section by returning to the von Koch snowflake that you 
met in the Introduction. The snowflake is made up of three copies of the 
von Koch curve, as shown in Figure 1.15. 




The Swedish mathematician 
Helge von Koch (1870-1924) 
described this curve in 1906, 
showing that no point on the 
curve has a tangent. 


Figure 1.15 
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Although the von Koch curve appears to be very intricate, it is obtained 
by a simple procedure. We begin with the line segment K 0 = [0,1] x {0} 
(Figure 1.16). 


( 0 , 0 ) 


( 1 , 0 ) 

— Ko 


Figure 1.16 

We then remove the open middle-third of K 0 and replace it with the other 
two sides of the equilateral triangle based on the missing segment. This 
gives a set K i (Figure 1.17). 


(1 

V 2 > 6 ' 



Figure 1.17 

We then apply this procedure to each of the four line segments of K\ to 
give a new set K 2 (Figure 1.18). 



Figure 1.18 

We continue in this way, constructing sets K n for each n G f^l. We wish to 
define the von Koch curve Ky to be the limit of the sets K n as n —> oo. 

At this point it is not clear how to define the limit of the sets K n as 
n —> oo. In each of our previous examples, we had a nested sequence of 
compact sets, and so could define the limit set to be the intersection of 
these nested sets — this must be a non-empty compact set. In this case, 
the sets K n are compact, but they are not nested, and it is not clear that a 
well-defined limit exists. 

Although it is not obvious how to define the limit of the sets K n , we can 
identify certain points that must belong to the von Koch curve. For each 
n G N, the endpoints of each line segment in K n are not removed by the 
subsequent stages of the construction, and so each of these endpoints 
belongs to Ky. 


In the next section we show 
that this limit does exist. 
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Figure 1.19 

Problem 1.9 _ 

For each n € N, determine the length of each line segment that makes 
up K n . 

Using the fact that the length of the section of the von Koch curve lying 
between the two endpoints of one of these line segments cannot be less 
than the distance between the two endpoints, deduce that K v does not 
have finite length. 


We have just seen that the von Koch curve is very different from most 
familiar curves. It lies within a bounded part of the plane, yet it is so 
‘wiggly’ that it does not have finite length. The ‘wiggly’ nature of the 
curve also means that no point on the curve has a tangent. It is thus 
difficult to describe the curve in terms of classical geometric shapes. 

For each n € N, the set K n+1 is made up of four copies of K n , each scaled 
by |. So 

K n+1 = S 1 (K n ) U S 2 (K n ) U S 3 (K n ) U S 4 (K n ), 
where the mappings S 1 ,S 2 , S 3 ,5 4 can be described as in Figures 1.20-1.23. 


\ 


This is typical of fractals. 




Figure 1.21 So scales by a factor of |, rotates anticlockwise by about 
the point ( 0 , 0 ), and translates by (|, 0 ). 



Figure 1.22 S 3 scales by a factor of |, rotates clockwise by about the 
point ( 0 , 0 ), and translates by (|, ^p). 
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Figure 1.23 5 4 scales by a factor of ^ and translates by (|, 0). 

This suggests that if Ky is the limit of the sets K n , then 
Ky = Si(Ky) U S 2 (Ky) U S 3 (Ky) U S^Ky). 

So the von Koch curve appears to be self-similar. 

You have now met some well-known fractals — the middle-third Cantor 
set, the Sierpinski gasket, and the von Koch curve. We will refer to these 
examples throughout the unit. 


This is justified in Section 2. 
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2 Using the Contraction 
Mapping Theorem 


After working through this section, you should be able to: 

► determine the Hausdorff distance between two compact sets; 

► explain why, for each finite family of contraction mappings, there 
is a unique non-empty compact set that is invariant for that 
family; 

► construct simple examples of invariant sets. 


In the previous section you met several examples of fractals, each of which 
appears to be self-similar. In other words, for each such fractal jFT, there 
appears to be a finite family of similarities, Si, S 2 ,..., Sfc, such that 

k 

K = S 1 (K) U S 2 (K) U • • • U S k {K) = |J Si(K). 

i=l 

Each fractal K is constructed by taking a compact starting set K 0 and 
repeatedly applying the similarities S 1? S 2 ,. .., Sk¬ 
in this section we use the Contraction Mapping Theorem to show that if 
we take any compact set K 0 and any family of contraction mappings 
Si, S 2 , • • •, Sfc, then this recursive procedure defines a set K satisfying 
K = U i=\ Si(K). By looking at different families of contraction mappings, 
we can construct many different fractals. Note that all the similarities in 
Section 1 are in fact contraction mappings. 

2.1 The Hausdorff metric 

We begin by reminding you of the Contraction Mapping Theorem. 


The Contraction Mapping Theorem 

Let (X, d) be a complete metric space, and let T: X —> X be a 
contraction mapping. Then there is a unique element Xt G X such 
that 

T(xt) = %t- 

Moreover, for each xGl, the sequence of iterates 
X, T(x), T 2 (x), T 3 (x), ... 

converges to this unique fixed point Xt — that is, for any xGl, 
d(T n (x),x T ) —> 0 as n —> 00. 


We shall use this result to generate a large class of fractals, each of which 
is the fixed point x T of a suitable contraction mapping T. We begin by 
defining a suitable metric space (X,d). 

In each of our earlier examples, we repeatedly applied mappings to a 
compact subset of R m (where m was 1 or 2). Since this process generated 
fractals that are also compact subsets of R m , it seems reasonable to take 
our set X to be a set whose members are compact subsets of U rn . 


Unit C4, Theorem 3.2. 


Recall that the compact 
subsets of R m are those that 
are closed and bounded. 
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Each member of /C(IR m ) is 
itself a set. 

We are usually interested in the sets V(IR) and /C(IR 2 ). For example, the 
middle-third Cantor set is a set in /C(IR) that is generated by repeatedly 
applying mappings to sets in /C(IR), and the Sierpinski gasket is a set in 
/C(IR 2 ) that is generated by repeatedly applying mappings to sets in /C(IR 2 ). 

Problem 2.1 _ 

Which of the following sets belong to /C(IR)? 

(a) (-1,1] (b) [0,2] (c) [0, oo) (d) {1} (e) [0,2]n[4,6] 


Definition 

For each m € N, the set /C(lR m ) is defined as follows: 
/C(!R m ) = {K C |R m : K is non-empty and compact}. 


In order to apply the Contraction Mapping Theorem, we need to define a 
metric on the set £(IR m ) — that is, a distance between any two sets in 
/C(IR m ) for which the metric properties (M1)-(M3) are satisfied. We begin 
by considering the simpler problem of how to define the distance between a 
point in IR'" and a set K in /C(IR m ). It seems reasonable to define this as 
follows. 

Definition 

Let x € IR’" and let K € V(IR m ), for some m € N. 

The Euclidean distance between the point x and the set K is 
d (m) (x, K) = min{d (m >(x, k) : k € K}. 


Remark 

This definition makes sense since the function d (m) (x, k) is a 
continuous function of k on the compact set K. It follows from the 
General Extreme Value Theorem that there is a c £ K such that 

d*”^(x,c) < d^ m ^(x, k) for each k e K. 

So 


d (m) (x, K) = d (m >(x,c). 


Unit Al, Worked problem 5.2. 
Unit C2, Theorem 4.3. 


For example, consider the point x = (3,0) and the set 
K = {(#, y ) : |x| < 2, |y| < 1}, which is a member of £(IR 2 ). 




y> 

l 





_i_ 

i 


X 

-2 

-1 

0 

l 

2 

3 x 



-l 

K 




Figure 2.1 

The closest point in K to the point (3,0) is the point (2,0), and so 
S 2 \(3, 0), K) = d^((3,0), (2,0)) = 1. 
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Problem 2.2 


Determine the following. 

(a) d^)(l, [2,3]) (b) dW(l,[0,2]) 

(c) dW((0,3),{(x,y):x 2 + y 2 <l}) (d) d^((2, 1), {(3,2/): \y\ < 1}) 


Note that (x. K) = 0 precisely when there is a point c G K such that 
d (m )(x, c) = 0 — that is, x = c. This gives the following result. 


Lemma 2.1 

Let x € IR m and let K G /C(FT), for some m € N. Then 
e^ TO )(x, K) = 0 if and only if x € K. 

The following lemma gives a useful property of d { ' ,u) for compact sets. 


Lemma 2.2 

Let x G [R m and let J, K € /C(R m ), for some m G N. Let J C K; then 
d {m) (x,K) < d (m) (x, J). 


Problem 2.3 _ 

Prove Lemma 2.2. 


Having established this definition of the distance from a point to a 
compact set, we now extend it to the definition of the distance from one 
compact set to another as follows. 


Definition 

Let J,Ke /C([R m ), for some m G N. The Euclidean distance 
between the set J and the set K is 

d im) {J,K ) = rnax{d (m) (j,K) : j G J}. 


dS m) {J,K) 



Remark 

We use ‘max’ here instead of ‘min’ as ‘min’ would give a distance of 
zero between the pair of sets shown in Figure 2.3. 

We want distinct sets to be a positive distance apart, otherwise we do 
not have a metric. 


Figure 2.2 



This definition makes sense since the function d^ m \j,K) is a continuous 
function of j on the compact set J. It follows from the General Extreme 
Value Theorem (Theorem 4.3 of Unit C2 ) that there is a d G J such that 

d (m) (j, K) < d {m) (d, K) for each j G J. 

So 

d {m) (J,K) = d {m \d,K). 

Since there is a c e K such that d (m) (d, K) = d (m) (d,c), it follows that 
d {m) (J,K) = d (m) (d,c). 


Figure 2.3 

In the Exercises, we ask you 
to prove that K ) is a 

continuous function of j. 







19 


In other words, the Euclidean distance between two non-empty compact 
sets J and K is realized by a pair of points from J and K. 

Worked problem 2.1 

Let 

J = {(3,y): |y| < 1 } and K = {(x,y) : |x| < 2, \y\ < 1}. 

Determine S 2 \J,K) and S 2 \K,J). 

Solution 

We begin by sketching the sets J and K. 




y* 

l 






_i_ 

i 




-2 

-1 

0 

i 

2 


3 * 



-l 

K 


J 

r 


Figure 2.4 

The points in J are all at distance 1 from the set K\ for example, 

dP\J,K) = S 2 \(3,0),K) = d( 2 >((3,0),(2,0)) = 1. 

The points in K that are furthest from the set J are those on the left-hand 
edge of K. One such point is (—2,0), and so 

d (2 \K, J) = d (2) ((-2,0), J) = d< 2 >((—2,0), (3,0)) = 5. ■ 

Problem 2.4 _ 

Let 

J = {{x,y ): 0 < x 2 + j/ 2 < 1} and A'= {(1,0)}. 

Determine S 2 \J,K) and dP\K,J). 


These examples show that the Euclidean distance from one non-empty 
compact set to another is not a metric, since the symmetry property (M2) 
is not satisfied. In fact (Ml) is not satisfied either, as the first part of the 
following problem shows. 

Problem 2.5 _ 

Let J, AT € IC(U m ), for some m € N, and let J C K. 

(a) Show that S m \j, K) = 0. 

(b) Show that J) > AT), for each L € £([R m ). 


We now show that the Euclidean distance does satisfy the Triangle 
Inequality — property (M3). This suggests that, by modifying the 
definition of this distance slightly, we may be able to obtain a definition of 
distance between two compact sets that is a metric, as we require. 

Lemma 2.3 

Let J, K, L € /C([R m ), for some me N. Then 
d (m) (J, L) < d {m) (J, K) + d^ m) (K, L). 


You may suspect that we 
have chosen a poor definition 
of distance between compact 
sets, but you will see shortly 
how to rescue this definition. 
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Proof We know that d {m ' i is a metric on (R m . 

By (M3), for each j € J, k e K, 1 € L, 
d (m) (j,l) <d (m) (j,k) + d (m) (k,l). 

Taking 1 6 L such that 1) = k, L ), we obtain 

d (m) (j,l) <(f m \j,k) + d( m \k,L). 

Taking k € K such that d (m )(j, k) = K ), we obtain 

d (m) (j,l) < d {m \j,K) + d^ m \k,L). 

Since d^ m) (j,L) < d^ m ^(j,l) and d (m) (k, L) < d( m \K,L), we have 
d {m \j,L) <<f m \i,K) + d (m \K, L). 

Finally, taking j 6 J such that d^ m \ j, L) = d^ m \J, L), we obtain 

d {m) (J, L) < d (m) (j, K) + d {m) (K, L) 

<d (m) {J,K) + d {m) (K,L). U 


So the Euclidean distance from one compact set to another satisfies 
property (M3) of a metric space, but does not satisfy properties (Ml) 
and (M2). In order to overcome this problem, we introduce the following 
definition of the distance between two compact sets. 


Definition 

Let J,K G /C(IR m ), for some m gN. The Hausdorff distance d H 
between the sets J and K is 

d H (J,K) = ma x{d (m \J,K),d {m \K, J)}. 

For example, consider the sets 

J = {(3, y) : \y\ < 1} and K = {{x, y): |x| < 2, \y\ < 1}. 

In Worked problem 2.1 we showed that d^ 2 \J,K) = 1 and d i2) (K, J ) = 5. 
So d H {J, K) = d H (K, J) = max{l, 5} = 5. 
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Figure 2.5 


Problem 2.6 _ 

Let 

J = {(x, y ): 0 < x 2 + y 2 < 1} and K = {(1,0)}. 
Determine dn(J,K). 


The definition of Hausdorff distance clearly satisfies property (M2) of a 
metric space, and we now show that it is in fact a metric on /C(IR m ). 

Theorem 2.4 

The Hausdorff distance, du, is a metric on JC([R m ). 
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Proof Recall that, if J and K belong to /C([R m ), then the Hausdorff 
distance between J and K is 

d H (J,K) = rnax{d (m) (J,X),d (m) (X, J)}. 

We show that d H is a metric on /C(IR m ) by showing that d H has the metric 
properties (M1)-(M3). 

(Ml) Let J,K G /C([R m ). By the definition of g?h it follows that 
d H {J, K)>Q and d H (K, K) = 0. 

It remains only to show that if d H (J, K ) = 0, then J = K. 

If d H {J, K ) = 0, then both d (m) (J, K) = 0 and d^\K, J ) = 0. Thus, 
d (m )(j, K) = 0 for each j G J, 
and hence j G K, by Lemma 2.1. So J C K. 

Similarly, if C J, and so J = K as required. 

Thus (Ml) is satisfied. 

(M2) Let J, K G /C(R m ). By the definition, 
d H (J,^) = d H (K, J), 
and so (M2) is satisfied. 

(M3) Let J, if, L G /C(R m ). By Lemma 2.3, 
d (m) (J, L) < d (m) (J,if) + d (m) (if,L) 

and 

d (m) (L, J) < d (m) (L, if) + d (m) (if, J). 

Since max{a + 6, c + d} < max{a, d} + max{&, c}, for real numbers a, b, c, d, 
we obtain 

d H (J,L) = rnax{d (m) (J,L),d (m) (L, J)} 

< rnax{d (m) ( J, if) + d (m) (if, L), d (m) (L, if) + d (m) (if, J )} 

< rnax{d (m) (J, if), d (m) (if, J)} + max{d (m >(if, L), d (m) (L, if)} 

= d H (J,if) + d H (if,L). 

Hence (M3) is satisfied. 

Since (M1)-(M3) are satisfied, d H is a metric on /C(IR m ). ■ 

We now have a metric space (/C(IR m ), d H ). Before we can apply the 
Contraction Mapping Theorem, we need the following result. 

Recall that a metric space is 
complete if each Cauchy 
sequence is convergent. 

The proof of this theorem is 
long and complicated. We 
give it in Subsection 2.4 — 
for completeness! 


Theorem 2.5 

The metric space (/C(IR m ),dH) is complete. 
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2.2 Constructing contraction mappings 

We now have a complete metric space (/C(R m ),dH) to which we can apply 
the Contraction Mapping Theorem. Our aim is to see how the methods we 
used in Section 1 to obtain examples of fractals can be described in terms 
of mappings on /C(R m ). 

In Section 1, we took families of similarities Si, 5 2 ,..., Sk defined on R 
or R 2 , and repeatedly applied them to a given compact set K 0 . So if 

k 

Ki = \J Si(Ko) 

i —1 

and 

k 

K n = (J $(#„_!) for n > 2, 

i=1 

then our fractal set is the ‘limit’ of the sequence of compact sets (K n ). 

Now that we have a metric for the collections of compact subsets of R 
and R 2 , we know what the limit of a sequence of compact sets is — it is a 
compact set J for which 

dn(K n , J) —♦ 0 as n —*• oo. 

It remains for us to show that there is a limit for a sequence of sets K n 
determined by similarities Si,Sk, and that this limit does not depend 
on our choice of starting set K 0 . We use the Contraction Mapping 
Theorem for this. 

In order to apply the Contraction Mapping Theorem, we describe the 
construction process in terms of a single mapping from /C(R) to JC (IK). So 
let us define the mapping S : /C(R) —> JC(R) by 

S(K) = Si{K) U S 2 (K) U • • • U S k (K) for each K G /C(R). 

Then 

K n — S(K n _ i) for each n G N. 

Problem 2.7 -—- 

Let 5i, 5 2 : R ^ R be defined by 

5i(x) = |x and S 2 (x) = |(x + 2). 

Let S be the mapping on /C(R) defined by 

S(K) = S 1 (K)US 2 (K), 

for each K € /C(R). Find the image of each of the following sets under S, 
and state whether the image belongs to JC(R). 

(a) [0,2] (b) [-2,2] 


In the above problem, you should have found that each set is mapped by S 
to a set in /C(R). In fact, any set in /C(R) is mapped by S to another set in 
/C(R), since both Si and S 2 are continuous and so map compact sets to 
compact sets. Further, the union of two compact sets is also compact, and 
so S is indeed a mapping from /C(R) to itself. 

Similar arguments can be used to prove the following more general result. 


Unit C2, Theorem 2.2. 

See the Exercises for Unit C2. 
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Proposition 2.6 

Let Si,S 2 ,-..,S k : IR m —> IR m be (S m \ d^)-continuous, and let S be 
defined by 

k 

S(K ) = (J Si(K) for each K e £(IR m ). 

i= 1 

Then S maps /C(R m ) to /C(R m ). 


Remark 

Note that each of the fractals in Section 1 is obtained by repeatedly 
applying mappings of the form described in Proposition 2.6. 

Finally, in order to apply the Contraction Mapping Theorem, we require a 
mapping from /C(R m ) to itself that is a contraction mapping. Recall that a 

contraction mapping is defined as follows. See Unit C4, Section 3. 

Definition 

Let (X, d ) be a metric space. A function T: X —» X is a contraction 
mapping if there is a real number 0 < A < 1 such that 

d(T(x),T(y)) < A d(x,y) for all x,y e X. 

Any such real number A is a contraction ratio for T. 


Remark 

Note that any similarity with similarity ratio c < 1 is a contraction 
mapping on IR m with contraction ratio c. In particular, all the 
similarities that are used to define fractals in Section 1 are 
contraction mappings. 

In general, suppose that Si, S 2 , • •., R m —> R m are continuous functions 
and consider the mapping S : /C(R m ) —> /C(R m ) defined by 

k 

S(K) = IJ Si(K) for each K € 

i =1 

We now show that if each of the functions S 1? S 2 , • • •, Sfc is a contraction 
mapping on R m , then the function S is also a contraction mapping on 
/C(R m ). 


Proposition 2.7 

Let Si, S2,..., Sk : R m —> R m be contraction mappings. Then the 
mapping S : /C(R m ) /C(R m ) defined by 

k 

S(K) = |J Si(K) for each K € /C(R m ), 

2=1 

is a contraction mapping with respect to the Hausdorff distance d H on 
/C(IR m ); that is, there is a number A such that 0 < A < 1 and 

d H (S(J),S(K)) < Xd H (J,K), 

for all J,K e 
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Proof Each of the mappings Si, S 2 , ■ ■ ■, S k is a contraction mapping, and 
so there are 0 < Ai, A 2 ,..., A* < 1 such that 

d< m H5 i (x),5 i (y)) < Aid (m) (x,y), 1 < i < k, 

for all x, y G IR m . 

Now let J,K € /C(IR m ). We show that, for 1 < i < k, 

S m \Si(J),Si(K)) < (2.1) 

Indeed, for each j G J, 

Q),S t (K)) = min (5» (j), (k)) 

<mrnX i S m \lk) = X i S m \j,K). 

k GK 

So 

^(SiW'SiiK)) = vaax.$ m \Si(ji),Si(K)) 

< max Ajd (m) (j,K) = A idf- m) (J,K). 
j eJ 

Thus (2.1) is true. 


Now 


S m \S(J),S(K)) = d (m) (\JSi{J), U Sj(K) 

1 j =1 


= max d {m) fx, I J SAK) 
X6|J l>SiV) V 

/ fe 

= max max d^ ( x, I J Sj(K) 
l<i<k xeSi(J) V 

X J = 1 

\ j = 1 ' 


Since 5*(if) C U*=i S'j(if) for i = 1,2,..., fc, the result of Problem 2.5(b) 
implies that 

d {m \S(J),S(K)) < maxd^ m \Si(J),Si{K)). 

l<i<k 

This estimate, together with inequality (2.1), implies that 

d {m \S(J),S(K)) < max A ^ m \J,K) = (max Xi)d (m) (J, K). 

The same arguments show that 

d (m \S{K),S{J )) < max A id (m \K,J) = (irnA >}d m \K,J), 
and so 

d H (S(J),S(K)) < (maxXi\dn(J,K). 

\1 <i<k / 

But 0 < maxi<i< fc A, < 1, and so 5 is a contraction mapping on IC(U ,n ) 
with contraction ratio A = max 1<i<fc A,. 


You may omit this proof on a 
first reading. 



2.3 Iterated function schemes 


We have shown that, for a given family of contraction mappings 
Si,S 2 ,... ,S fc : [R m —> R m , the mapping S:JC(U m ) —► /C(FS m ) defined by 

k 

S(K) = (J Si(K) for each K 6 IC(U m ), 

i =1 

is a contraction mapping with respect to the Hausdorff distance d H on 
/C(IR m ). Since (/C([R m ), (in) is a complete metric space, we can apply the 
Contraction Mapping Theorem to obtain the following important result. 


Theorem 2.8 

Let S\, S 2 ,..., Sk- IR m —* IR m be contraction mappings, and let the 
mapping S: /C(IR m ) —> JC(IR m ) be defined by 

k 

S(K) = (J Si(K) for each K € /C(R m ). 

i=l 

Then there is a unique set Ks € /C(M m ) such that 
S(K s ) = K s . 

Moreover, for each K € /C(IR m ), the sequence of iterates 
K, S(K),S 2 (K),S 3 (K),... 
converges to K s ; that is, 

dn(S n (K), K s ) 0 as n ->oo. 

This is our main result. 

Remark 

This result is important because for many families of contraction 
mappings Si, 5 2 ,..., S*, the set K s is a fractal. In fact, this result 
gives a simple method of constructing these fractals — we take a 
compact set and repeatedly apply the mapping S. This method of 
generating a fractal is called an iterated function scheme. 

Since 

S(K s ) = |J Si{K s ) = K s , 

i— 1 

we say that the set Ks is invariant for the contraction mappings 


Definition 


A set A is invariant for the mappings Si, S 2 , ■.., 5*,: IR m 
\JS t (A) = A. 

i =1 


[FT if 


Remark 

A self-similar set is just a set that is invariant for similarities 

C Q Q . O m _. O m 
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We now have a rigorous justification of the process that we used in 
Section 1 to generate fractals. 

The von Koch curve 

To construct the von Koch curve, we take the compact set K 0 = [0,1] and 
repeatedly apply the mapping S: /C([R 2 ) —> /C(IR 2 ) given by 

S(K) = Si(K) U S 2 (K) U S 3 (K) U S 4 (K) for each K G /C(1R 2 ), 

where the similarities Si, S 2 , S 3 , S 4 : U 2 —► U 2 are as follows. 

51 scales by a factor of |. 

5 2 scales by a factor of |, rotates anticlockwise through |7r about the point 
(0,0), and translates by (|,0). 

5 3 scales by a factor of |, rotates clockwise by |7T about the point (0,0), 
and translates by (|, 2 —). 

5 4 scales by a factor of | and translates by (§,0). 


S*(K) 

( 1 , 0 ) 


fl vl) 

V2> 6 ' 



Figure 2.6 

We define the von Koch curve to be the limit of the curves K n = S n (K 0 ). 
In Section 1, we did not justify the existence of such a limit. Since each of 
the mappings Si, S 2 , S 3 , S 4 is a contraction mapping (each with contraction 
ratio |), it now follows from Theorem 2.8 that such a limit does indeed 
exist. 

We also claimed in Section 1 that the von Koch curve Ky satisfies the 
following equation, and is therefore self-similar: 

Ky = Si(Ky) U S 2 (Ky) U S 3 (Ky) U S 4 (Ky) = S(Ky ), 

that is, Ky is invariant for Si, S 2 , S 3 , S 4 . This also follows from 
Theorem 2.8. 

Many other fractal curves can be constructed similarly, as Problem 2.8 
illustrates. 

Problem 2.8 - 

Let Si, S 2 , S 3 , S 4 , S 5 : IR 2 —► IR 2 be similarities defined by 

Si(x,y) = (|x, | y) , S 2 (x,y ) = (|(y + l),|a:), 

S 3 (x, y) = (!(« + 1), \{y + 1)), S 4 (x,y) = (|(-y + 2), \x) , 

Ss(x,y) = (|(x + 2),|y) • 

Let 

5 

S(K) = 1J Si(K) for each K € JC(U 2 ), 

i—1 

and let K 0 — {(x, y ): 0 < x < 1, y = 0}. 



(a) Sketch the sets S(K 0 ) and S 2 (K 0 ). 

(b) Determine the length of S n (K 0 ), for each n G N. 

(c) Determine whether lim^oo S n (K 0 ) exists. 
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Cantor sets 

In Section 1, our first example of a fractal was the middle-third Cantor set. 
To construct it, we take the compact set K 0 = [0,1] and repeatedly apply 
the mapping S:/C(R) —> /C(R) defined by 

S(K) = S 1 (K)US 2 (K\ 

where 

Si(x) = \x and S 2 (x) = |(x + 2). 

We define the middle-third Cantor set to be the intersection of the nested 
sequence of sets K n = S n (K 0 ). Since each of the mappings Si and S 2 is a 
contraction mapping (with contraction ratio |), it follows from 
Theorem 2.8 that the sets K n converge to a unique limit set K s (with 
respect to Hausdorff distance) as n —> oo. It seems reasonable to expect 
that this limit set is the same as K c , the middle-third Cantor set. The 
following lemma shows this to be the case. 


Lemma 2.9 

Let Si, S 2 , ..., Sk- R m —► IR m be contraction mappings, and let 
S: /C(IR m ) —> IC(U m ) be the mapping defined by 

k 

S(K) = |J Si(K) for each K e /C(R m ). 

t=l 

Let S(K 0 ) C K 0 , for some K 0 € /C(IR m ); then 

n sn ( R o)=Ks, 

where Ks is the unique set in /C(IR m ) such that S(K s ) = K s - 


Proof For simplicity, let K n = S n (K 0 ) and J = f] neN K n . Then, for each 
n e M, 

K n+1 = S n+1 (K 0 ) = S n (S(K 0 )) C S n (K 0 ) = K n , 


and so the sets K n are nested. 

To show that J = K s , we show that both J — K s and Ks — J are empty, 
and so J C K s and Ks Q J. 

First, suppose that J — K s i=- 0, and so there is an x E J — K S - 
Then by Lemma 2.1 there is an e > 0 such that 
d {m \x,K s )=e. 

Since x G J, it follows that x G K n , for each n G N, and so 
d H (K n ,K s ) > S m \K n ,K s ) > = e. 


We use a proof by 
contradiction. 


This contradicts Theorem 2.8, and so there is no x G J — Ks ; thus J C K s . 


Now suppose that K s - J^0, and so there is an x G K s — J. 
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Since x 0 J, there is an N G N with x ^ K N . Hence by Lemma 2.1 there is 
an e > 0 such that 

d im \x 1 K N ) = e. 

Since the sets K n are nested, we find that, for each n> N, 

d H (K n ,K s ) > S m \K s ,K n ) > d (m) (x,X„) 

> d^(x, K n ) by Lemma 2.2, 

= £. 

This contradicts Theorem 2.8, and so there is no x G Ks — J; thus Ks Q J . 
Hence ^5 = J, as required. ■ 

So, as we expected, the middle-third Cantor set K c = fine m is the limit 
of the sets K n = 5 n (Xo). It follows from Theorem 2.8 that the 
middle-third Cantor set K c satisfies the following equation, and is 
therefore self-similar: 

K c = S^Kc) U S 2 (K c ) = S(K C ). (2.2) 

In fact, Theorem 2.8 tells us that the middle-third Cantor set is the only 
set in IC(U) that is invariant for Si and 5 2 . This means that the 
middle-third Cantor set can be defined as the unique non-empty compact 
solution to ( 2 . 2 ). So this intricate set can be defined by a simple equation. 

Note that there are solutions to ( 2 . 2 ) that are not non-empty and 
compact, as the following problem illustrates. 

Problem 2.9 _ 

Show that for K equal to any of the sets 0 , U and [0, 00 ), 

K = S 1 (K)US 2 (K), 

where 5i, 5 2 : U —> IR are given by Si(x) = \x and S 2 (x) = |(x + 2). 


It follows from Theorem 2.8 that if we take K 0 to be any non-empty 
compact subset of IR, then the middle-third Cantor set is the limit of the 
sets K n = S n (K 0 ). Further, it follows from Lemma 2.9 that if S(K 0 ) C if 0 , 
then the middle-third Cantor set is the intersection of the sets K n . 

Problem 2.10 _ 

Let K c be the middle-third Cantor set, and let S: /C(IR) —► /C(1R) be the 
mapping defined by 

S(K) = S l (K)US 2 (K), 

where Si, S 2 : U — ► IR are given by 

Si(x) = \x and S 2 (x) = |(x + 2 ). 

Show that 

00 

P| 5 fe ([0,2]) = K c - 

k =0 





Note that if K 0 is not compact, then the sets K n = S n (K 0 ) do not 
necessarily converge to the middle-third Cantor set. For example, if 
K 0 = [0, oo), then 

S(K 0 ) = Si(K 0 ) U S 2 (K 0 ) = [0, oo) U [§, oo) = [0, oo) = K 0 , 
and so S n (K 0 ) = K 0 , for each n € LI. 

The Sierpinski gasket 

Our other main example of a fractal is the Sierpinski gasket. To construct 
it, we take K 0 to be the equilateral triangle whose base is the line segment 
from (0,0) to (1,0), and repeatedly apply the mapping S:K.(U 2 ) —► /C(IR 2 ) 
given by 

S(K) = S 1 (K)US 2 (K)US 3 (K), 

where the mappings Si, S 2 , S 3 :U 2 —> R 2 are defined by 

Si(x,y) = (\x,\y), S 2 (x,y) = (§(ar + l),|y), 

S 3 (x,y) = (|(2x + l),|(2 y + Vs)). 

We define the Sierpinski gasket to be the intersection of the nested 
sequence of sets K n = S n (K 0 ). Since each of the mappings Si, S 2 and S 3 is 
a contraction mapping (with contraction ratio |), it follows from 
Theorem 2.8 that the sets K n converge to a unique limit set (with respect 
to Hausdorff distance) as n —> oo. Since S(K 0 ) c K 0 , it follows from 
Lemma 2.9 that this limit set is the Sierpinski gasket. 

We now know from Theorem 2.8 that the Sierpinski gasket can be 
obtained by repeatedly applying the mapping S to any non-empty 
compact subset of R 2 . Further, it follows from Theorem 2.8 that the 
Sierpinski gasket can be defined to be the unique non-empty compact set 
that is invariant for Si, S 2 and S 3 . 

In the next problem, we ask you to show how similarities can also be used 
to define simple sets. 

Problem 2.11 - 

Let S:IC( R 2 ) —> £(R 2 ) be defined by 
S(K) = S 1 (K)US 2 (K), 
where Si, S 2 : R 2 —> R 2 are given by 

Si(x,y) = (\x, \y) and S 2 (x,y) = (fx + \y + §). 

(a) Sketch the sets K 0 = {( x,y ): 0 < x, y < 1} and K x = S(K 0 ). 

(b) Let K n = S n (K 0 ), for each n € LI. Verify that 
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2.4 Proof of Theorem 2.5 


We now prove that (/C(IR m ), cf H ) is a complete metric space. Recall that a This proof will not be 
metric space (X, d ) is complete if each Cauchy sequence in X converges to assessed, 
a point x G X. See Unit C4, Section 1. 

Let ( K n ) be a Cauchy sequence in JC(U m ). Then K n is a non-empty 
compact set for each n £ h J, and for each e > 0, there is an N G N such 
that 


d H (X n , K n >) < e for all n, n' > N. 

In order to show that (/C([R m ),d H ) is complete, we find a non-empty 
compact set J with d H (K n , J) —> 0 as n —> oo. Since ( K n ) is a Cauchy 
sequence, it is enough to find a convergent subsequence of ( K n ). 

Since ( K n ) is a Cauchy sequence, for each i eNU {0} there is an N(i ) G I^J 
with N(i + 1) > N(i) such that 

d H (K n ,K n ,) < (±y for all n,n' > N(i). (2.3) 

We show that is d H -convergent in JC(U m ). 

We start by finding a candidate for the limit of K N (i) as i —> oo. 

We consider the sets 

Ji = (x : d (m) (x, K N(i) ) < (I)*" 2 } for i G N. 

If x G RTjv(i), then it follows from Lemma 2.1 that K N ^)) = 0, and 

so x G Ji. Thus, K N (i) C and hence, by Problem 2.5(a), 

S m \K m ,J i )= 0. (2.4) 

Notice also that 

^(JuKw) = ma: x € J J < (2.5) 

and so 

d H (Ji,K m )< (i) i_2 . (2.6) 

Let 


See Unit C4, Lemma 1.4. 



Figure 2.7 


ieN 

This set is our candidate for the limit of the sequence (K N ^) ie ^. 
We show that 


(a) J G /C(R m ); 

(b) lim i _ 00 d H (K N (i),J) = 0. 


Proof of (a) 

We start by noting that each of the sets Ji is a non-empty compact set and We ask you to prove this in 
so belongs to /C([R m ). the Exercises. 


We now estimate the d (m ^-distance of J i+ \ from K N (q. It follows from 
Lemma 2.3, (2.5) and (2.3) that 

d {m \J i+u K m ) < S m \j i+1 ,K mi+1) ) + d^ 

< iir 1 +d^ m \K N(i+1) ,K N(i) ) 

< = (ir 2 - 


When applying 
inequality (2.3), we use the 
fact that 


N(i + 1)> N(i)> N(i-1). 


* 

-t' 
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Hence if x G J i+1 , then d (m) (x, K N ^) < l/2 i_2 ; this implies that x G Jj, 
and so J i+1 C J, for each jgN. Thus J is the intersection of a nested 
sequence of non-empty compact sets and is therefore non-empty and 

compact. Unit C2 , Theorem 3.10. 

Proof of (b) 

To prove (b) it is enough to show that 

dn(Ji, J) —► 0 as i —> oo, (2.7) 

since (M3) for d H together with (2.6) implies that 

dn(KN(i), J ) < dn(K N (i), J t ) + d H (Ji, J ) < (|) 1 2 + dn(Ji, J), 

and so if dn(Ji, J) —► 0 as i —> oo, then dn(K N ^, J) —► 0 as z —> oo. 

To show that (2.7) holds, we need show only that (J,, J) —> 0 as 
z —> oo, since J C ./, for each z implies that c/ (m) (J. J,) = 0 (by 
Problem 2.5(a)). 

Thus for each i G N, we need to find an upper estimate for 
d (m) {J u J) = max{d (m) (x, J) : x G J,}. 

So we fix i G N and let x G <7*. 

We define a sequence of points (y j)j € n as follows. Take 
yi G J i+ 1 such that d (m) (x, y x ) < (|)‘ -2 , 
y 2 € J i+2 such that d (m) (yi,y 2 ) < (I)* -1 , 
and, more generally, for j > 2 choose 

y j € J i+j such that d (m) (yj-i,yj) < (l)^” 3 - (2.8) 

This is possible since it follows from Lemma 2.3, (2.5), (2.3) and (2.4) that 
d^ \Ji+j, Ji+j-i) < d^ (7fjv(*+j)j ^N(i+j-i)) 

<(|) i+j - 2 + ( i ) i+J '- 2 + o = ( i ) i+i - 3 . 

It is easy to check that (yj) is a d (m) -Cauchy sequence in [R m : for if 
n,n'eN with n! > n, then (M3) for together with (2.8) gives 

d (m) ( yn',y») < rf (m) (yn',y n '-i) +d (m) (y«'-i ) yn'- 2 ) + ••• + d (m) (yn+l,y„) 

< (§) <+n '~ 3 + (§) <+n '" 4 + • • • + (|) <+n " 2 
— (I)**” 1 0 as n —> oo. 

Since (IR m , d (m ^) is complete, the sequence has a limit y G (R m . 

Moreover, since the sequence (y,) lies in the compact set J,, its limit y is 
also in Jj. For M G N, the subsequence (y j)j>M is a Cauchy sequence in 
the compact set J i+M , and so the limit y must also be in J i+M . This is 
true for each MgN and so 

y € P| Ji+M - J- 

A/eN 


i 




I 
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Hence d^ m ^(x, J ) < c?^ m ^(x,y). By repeatedly using the Triangle Inequality 
and (2.8), we estimate that, for any N € N, 

d (m) (x,y) < yi) + d (m) (yi,y 2 ) + • • • + S m \y N _ u y N ) + d^(y N ,y) 

< (I)* -2 + (!)“ + • • • + ®* N - a + * TO Wy) 

<E(5) i+j " 3 + d(m) (y^,y) 

= (i ) < - 3 + d(' n )(y w ,y). 

However, d^(y./v,y) —► 0 as AT —> oo, and so 

d (m) (x,y) < (|) <_3 . 

This implies that 

d (m) (x,j)<(±r 3 . 

Since this is true for any point x E J*, it follows that 

d ( m \ J u J ) < ( l ) i_3 , 

and so d( m \Ji, J) —> 0 as i —> oo, as required. 

Since both (a) and (b) hold, (/C([R m ), d H ) is a complete metric space. ■ 




3 Dimensions of fractals 


After working through this section, you should be able to: 

► explain how the box dimension of a set is calculated; 

► verify that a given family of similarities satisfies the open set 
condition ; 

► determine the box dimension of a simple fractal. 


In Section 1 you saw several examples of fractals, each of which is hard to 
describe in terms of classical geometry. For example, the von Koch curve 
seems to be ‘smaller’ than 2-dimensional sets such as rectangles (since it 
has zero area) and yet seems to be ‘larger’ than 1-dimensional sets such as 
line segments (since it is bounded but does not have finite length). 

We now introduce a way of defining dimension that allows the dimension 
of a set to be a non-integer number. This enables us to assign a dimension 
to the von Koch curve that is greater than 1 but less than 2. 

3.1 Box dimension 

There are many definitions of dimension that take non-integer values. Here 
we look at one of the most widely used — the box dimension. We begin 
with an informal discussion of box dimension; for simplicity, we restrict our 
attention to subsets of the plane. 

Suppose that we wish to estimate the dimension of a bounded set A C IR 2 . 
We begin by covering the plane with a grid made up of boxes of side d. We 
then count how many boxes in the grid intersect the set A. 



Figure 3.1 


We adopt the following notation. 

Definition 

Let d G (0,1). The grid G d is the set of all boxes of side d: 

G d = {[nd, (n + 1 )d] x [rad, (ra + l)d] : n,ra G Z}. 

The number of (closed) boxes in G d that intersect a set A is denoted 
by N d (A). 



Gd 


For example, Figure 3.1 shows a set A that meets 12 boxes in the grid 
Gi/2, so Ni/ 2 (A) = 12. 


Figure 3.2 
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Problem 3.1 


Let A be a horizontal line segment of length 1. Calculate Ni/ 4 (A) when 

(a) A = {(x, y) : 0 < x < 1, y = 0}; 

(b) A = {(x, y) : 0 < x < 1, y = §}; 

(c) A = {(a:,y): -§ < x < \,y = §}; 

(d) A = {(x,y): < x < \,y = 0}. 


Let A be a horizontal line segment of length l > 0. For d > 0, whatever the 
position of A relative to the grid we have 

N d (A) > 5, 

since 


This problem shows that 
applying a translation to a 
set A can change the number 
N d (A). 



Figure 3.3 


N d (A) x (the side-length of each box in G d ) > the length of A. 

The number N d (A) is highest when A is on one of the grid lines and has its 
endpoints at vertices of the grid (as in Problem 3.1(a)). 



Figure 3.4 


In this case, N d (A ) = 2 (^ + 2). So, if d < Z, then 

Nd{A) - 2 {'d + 2x 2) = T 


SO 

3 5 MA) £ ?• 

Thus, although changing the position of the straight line A relative to the 
grid can change the value of N d (A ), it can change it by a factor of at 
most 6. Whatever the position of A , the number N d (A) ‘grows like’ 1/d for 
d<l. 

We now consider the case when A is a square of side l > 0 with sides 
parallel to the axes. Whatever the position of A, we have 

^)>q 2 , 

since 

N d (A) x (the area of each box in G d ) > the area of A. 
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Figure 3.5 










The number N d (A ) is highest when the edges of A are on the grid lines 
and have their endpoints at vertices of the grid. 

In this case, 

So, if d < Z, then 

^> s G + H)MM 2 

so 

l 2 9 1 2 

Hence, whatever the position of the square A relative to the grid, the 
number N d (A) ‘grows like’ 1/d 2 for d < l. 
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Figure 3.6 


For both these examples, provided d is sufficiently small, N d (A ) ‘grows 
like’ l/d s , where s is our intuitive idea of the dimension of the set A. This 
suggests that if we have any bounded set A for which N d (A) ‘grows like’ 
l/d s , then we can define its dimension to be s. This gives a definition of 
dimension that can take non-integer values, but that agrees with our 
existing ideas of dimension for simple sets such as line segments and 
squares. 


We now formalize this idea. Suppose that there are numbers m and M 
such that 0 < m < M < oo and 

^ < N d (A) < ^ for 0 < d < 1. 

Taking logarithms, we obtain 

log m — s log d < log N d (A) < log M — s log d. 


Dividing by — log d, we obtain 

logm log N d (A) log M 

-r S < - \ - 

- log d — log d - log d 


Finally, taking the limit as d —> 0, we have 


s = lim 


log N d (A) 


d ->0 — log d 

We now give a formal definition of box dimension. 


These are natural logarithms 
to base e. 


Here log d is negative, since 
0 < d < 1. 


The limit exists, since m and 
M do not depend on d. 


Definition 

Let A be a bounded subset of I 
log N d (A) 


. The box dimension of A is 


dim A = lim 

£*-► o 


log d 

provided that this limit exists. 


Box dimension is sometimes 
referred to as box-counting 
dimension. 


Worked problem 3.1 

Determine the box dimension of the middle-third Cantor set K c . 















36 


Solution 

Our objective is to find 
lim log jv d (*r c ) 

d ->0 — log d 

For a given d > 0, we estimate N d (K c ) by comparing it with N d (K n ), 
where n is chosen so that 3“" is approximately equal to d: Figure 3.7 
shows G 3-2 and K 2 . 



G 3 -2 


Figure 3.7 


We note first that, at the nth stage of the construction of K c , the set K n 
consists of 2" line segments each of length (|) n . The set K n contains K c , 
and since the endpoints of the intervals making up K n are not removed in 
the construction, each of the 2” intervals of K n contains a point of Kc- 

Let d < 1 and choose an n 6 N so that 

3“ n < d < 

We find an upper bound for N d (K c ) by observing that each of the 2" line 
segments making up K n intersects at most 6 boxes from G d , and so 

N d (K c ) < N d (K n ) < 6 x 2 n = 3 x 2 n+1 since K c C K n . 

To find a lower bound for N d (K c ), we note that each interval in K n 
contains a point of K c , and each box in G d can intersect at most two 
intervals in K n , so 

N d (Kc ) > y = 2 n_1 . 

Hence 

2" -1 < N d (K c ) < 3 x 2 n+1 , 
and so 

(n- 1) log 2 < log N d (K c ) < (n+ 1) log 2 +log 3. (3.1) 

Now, since 3 -n < d < 3 _ ^ n_1 \ 


—n log 3 < log d < — (n — 1) log 3, 


and so, for n > 2, 

1 < 1 1 
nlog3 — — logd (n — l)log3 

Thus for n > 2 and 3 -n < d < 3 _ ^ n_1 \ we can combine these inequalities 
with (3.1) to obtain 

(n - 1) log 2 < log N d (K c ) ^ (n + 1) log 2 + log 3 
nlog3 — — logd (n — l)log3 

Now 


lim 

n—KX> 


(ji - 1) log 2 
nlog3 


lim 

n—► oo 


1 - (V«) 


log 2 
log 3 


log 2 
log 3 


We regard Kq as a subset of 
the plane, by embedding it in 
the x-axis. 


2/1 



Figure 3.8 We must count each 
box with an edge that meets K n . 


d 



Figure 3.9 


1 
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lim (" + 1 ) 1 °^ + l°e3 _ lim ('1+ilM') 

n-^oo (n — l)log3 n^oo \l — (1 / Tl) J 

Since n — > oo as d —> 0, we deduce that 


dim K c = lim 
o 


logiV d (/Cc) 
log d 


log 2 
log 3' 


+ lim — 
log 3 n-><x> n— 1 


log 2 
log 3 


Problem 3.2 _ 

Let 5: /C(IR) —> /C(IF8) be defined by 
S(K) = S 1 {K)US 2 (K), 
where Si(x) = \{x + 1) and S 2 (x) = |(x + 3). 

Let K 0 = [0,1] and K n = S n (K 0 ), for each n € N. 
Determine dim Ks, where K s = OneN Kn- 


3.2 The open set condition 

We have now found a way of defining the dimension of an intricate set. As 
you have seen, there may be many calculations involved in determining the 
dimension of a set. We now wish to calculate the dimensions of the fractals 
that we constructed in Section 2; each of these is the invariant set of a 
family of similarities 5i, S 2 , • • • ? Sk- In this case, there is a simple formula 
for the dimension of the set, provided that the similarities satisfy a special 
condition. 


Definition 

The similarities Si, S 2 ,..., Sfc satisfy the open set condition if there 
exists a non-empty bounded open set U such that 

k 

Si{U) n Sj(U) = 0, for i ± j, and (J Si(U ) C U. 

i =1 


Remark 

The open set condition is a ‘disjointness’ condition: it says that there 
is an open set U such that the images of U under distinct similarities 
are disjoint. 

Cantor set 

For example, consider the middle-third Cantor set, which is the invariant 
set of the similarities 

Si(x) = \x and S 2 (x) = |(x + 2). 

These two similarities satisfy the open set condition, as you can see by 
taking U to be the open interval (0,1): then Si(U) = (0, |) and 

S 2 (U) = ( 2,1)80 

s 1 (u)ns 2 (u) = 0 

and 


Si(U) U S 2 (U) = (0, |) U (§, 1) C u. 
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Problem 3.3 _ 

Let Si, S 2 , S 3 : R 2 —> R 2 be the similarities defined by 
Si(x,y) = (: \x,\y ), 

S 2 (x,y) = (\x + \,\y), 

S 3 {x,y) = (§x + \,\y + ^f)- 
Show that Si, S 2 and S 3 satisfy the open set condition. 


We now give the main result of this section. 


Theorem 3.1 

Let K s be the invariant set of the similarities Si, S 2 ,..., S*, and let 
Ci G ( 0 , 1 ) be the similarity ratio of S*, for 1 < i < k. If S l5 S 2 , ..., Sk 
satisfy the open set condition, then 

dim K s = s, 

where s is the solution of the equation Yli=i c i = 1 - 

Proof ( sketch ) The proof of this result is quite complicated, and so we 
just outline some of the ideas that are involved. 

In particular, we indicate why the box dimension of Ks, if it exists, must 
be the real number s that satisfies 

C 1 + C 2 - \~ C k = 1 • 

To reduce writing, we suppose that we have only two similarities 
Si,S 2 : IR 2 —► R 2 , with similarity ratios Ci and c 2 , respectively. 

Since Ks is the invariant set of the similarities, we know that 

K s = S 1 (K s )US 2 (Ks ). 

The key observation underlying the proof is that each Si(K s ) is just a 
copy of the set K s scaled by a factor c*, and so there should be a 
relationship between the number of boxes of side r > 0 that intersect K s , 
and the number of boxes of side c*r that intersect Si(K s ). 

If we look at a grid G r and its image under a similarity S*, then we obtain a 
grid of boxes of side-length c^r. Hence, if N r (K s ) boxes from G r meet Ks , 
then the same number of boxes from the transformed grid meet Si(K s ). 

We would like to conclude that N c . r (Si(Ks )) = N r (Ks ), but unfortunately, 
the image of a box from G r may not be a box from the grid G Cir (as 
indicated in Figure 3.10), and so the equality need not hold. However, it is 
possible to show that there are real numbers 0 <a<l< 6 so that, for any 
non-empty compact set K and similarity S with similarity ratio c, 

aN r (K) < N cr {S(K )) < bN r (K). (3.2) 

Now 

Ks = S 1 (K s )US 2 (Ks ), 

and if we assume that this union is disjoint, then there is a 5 > 0 such that 
for all x G Si(K s ) and y G S 2 (K s ), 

d,W(x,y )>S. 


The invariant set of Si, 5 2 , S 3 
here is the Sierpinski gasket. 


This proof is not assessed. 
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Figure 3.10 

Hence if d > 0 is small enough, then a box in G d (Ks ) can only intersect at 
most one of the sets Si(K s ) and S 2 (K s ), and so 

N d (K s ) = N^Ks)) + N d (S 2 (K s )). (3.3) 

Thus, by using (3.2) with K = K s , S = Si and r = d/c* for i = 1,2, we find 

a(N d/ci (K s ) + N d/C2 (Ks )) < < b(N d/ci (K s ) + N d/C2 (K S )). 

If we now suppose that 5 = dim exists, and in particular that there is a 
positive number m such that 

N d (K s ) = m for 0 < d < 1, (3.4) 

then we deduce that, for sufficiently small d > 0, 
amd~ s (c{ 4- c s 2 ) < md~ s < bmd~ s (c\ + c 2 ). 

Hence 

a (c\ 4~ C 2 ) ^ 1 ^ b (cj + Cj). 

Now consider the similarities S* o Sj for i, j = 1,2. The similarity S* o Sj 
has similarity ratio c<Cj, and 

^ 5 = |J (5< ° SfXtfs). 

*,j=l 

Hence, by repeating the preceding argument for the four similarities 
Si o Si, Si o S 2 , S 2 o Si, S 2 o S 2 , we find 

a((ciCi) s + (cic 2 ) s + (c 2 ci) s + (c 2 c 2 ) s ) < 1 < 6 ((ciCi) s + (cic 2 ) s + (c 2 ci) s 

But 

(ClCi) S + (CiC 2 ) S + (c 2 Ci) S + (c 2 c 2 y = (<* + C2) 2 , 
and so 

a (cj + C 2) 2 < 1 < b (c{ + C 2) 2 . 

Similarly, for each n G N, by considering the similarities S^ o S i2 o • • • o S in 
for 1 < ii, i 2 ,... , z n < 2 , we find that 

a (cj + c ^) 71 < 1 < 6 (cj + Cr>) n . 

Thus 

1/6 < (cj + c s 2 ) n < 1/a for each n E N. 


In the full proof, the open set 
condition plays the role of 
disjoint ness and ensures that 
an equation similar to (3.3) is 
still true. 


The composition of two 
similarities is a similarity 
whose similarity ratio is the 
product of the original ratios. 


+ (c 2 c 2 y). 
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\ 


This is possible only if 
c[ + c a 2 = 1, 
as claimed. 

The complete argument to show that the box dimension exists is based on 
similar ideas but requires more work — we omit the details. ■ 

Worked problem 3.2 

Let K 0 and K x be as shown below. 



K 0 K i 


Figure 3.11 

(a) Determine similarities Si, S 2 , £ 3 , S 4 such that K x = \J* =1 Si(K 0 ). 

(b) Let K n + 1 = U- =1 Si(Kn), for each n eN. Sketch the set K 2 - 

(c) Show that K = lim n ^ 00 K n exists and is the invariant set of 
Si, S 2 , S 3 , S4. 

(d) Show that Si,S 2 , S 3 , 5 4 satisfy the open set condition. 

(e) Determine dim K. 

Solution 

(a) A natural choice of similarities is 

Si(x,y) = (\x,\ y), S 2 (x,y) = (|x + f ,\y), 

S 3 (x, y) = (\x + |, \y + f), 5 4 (a;, y) = (\x, \y + |). 

(b) 



( 0 , 0 ) 


Figure 3.12 









(c) Let S: /C(IR 2 ) -»■ IC(U 2 ) be defined by 

S(K) = {JSi(K). 

i =1 

Then K n + 1 = S(K n ), and hence K n = S n (if 0 ) for each n € N. Since 
K 0 is non-empty and compact, it follows from Theorem 2.8 that 
K = lim^oo S n (K 0 ) exists and is the invariant set of Si, S 2 , S 3 , S 4 . 

(d) The following diagram shows that Si, S 2 , S 3 , S 4 satisfy the open set 
condition. 


( 1 , 1 ) 

ggafl 


t/ 


( 0 , 0 ) 


5 


s 4 (t/) 

r i 

I I 

I I 



(0,*"o) Si (10 


sm 

i 

i • 

i 1 


(i,i) 



S 2 (U) 


Figure 3.13 


(e) It follows from parts (c) and (d) that the conditions of Theorem 3.1 
are satisfied. Since Si has similarity ratio \ and each of the similarities 
S 2 , S 3 and S 4 has similarity ratio j, the box dimension of K is the 
number s for which 


(ir+3(ir=i. 

By substituting x = (|) s , we obtain 
x + 3x 2 = 1, 

which has solutions x = |(—1 + y/l3) and x = |(—1 — y/l3). 


But x must be positive, and so 

Thus 

log g( 1 + Vl3) _ log 6 - log(—1 + \/l3) 


dim K — s — 


-log 2 


log 2 


~ 1.203.... 


The formula for the dimension of a set satisfying the hypotheses of 
Theorem 3.1 is particularly simple when all the similarities involved have 
the same similarity ratio — this is the case for each of the fractals in 
Section 1. For suppose that K s is the invariant set of the similarities 
Si, S 2 , • • •, 5fc, each with similarity ratio c G (0,1), and that Si, 5 2 ,..., Sk 
satisfy the open set condition. It follows from Theorem 3.1 that 
dim K s = 5, where s satisfies 

k 

yy = kc s = i, 

i =1 
SO 


k = c~ a . 
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Taking logarithms, we obtain 
log A; = —slogc, 
that is, 

log A: 

— log c 

We have proved the following result. 


Theorem 3.2 


Let Ks be the invariant set of the similarities 5i, S 2 , ..., S^, each with 
similarity ratio c G (0,1). If Si, S 2 ,..., S* satisfy the open set 
condition, then 


dim = 


log A; 

— log c ’ 


This theorem gives a simple way of calculating the box dimension of a 
large class of fractals. 


Sierpinski gasket 

The Sierpinski gasket K G is the invariant set of the similarities 
Si(x,y) = (| x,\y), S 2 (x,y ) = (§x+§,§ y), 


S 3 (x,y) = {\x + \,\y+^}). 

In Problem 3.3 you showed that Si, S2 and S3 satisfy the open set 
condition. Since each of these similarities has similarity ratio it follows 
from Theorem 3.2 that 

log 3 log 3 


dim Kq = 


- log \ log 2 


~ 1.584.... 


So the dimension of the Sierpinski gasket lies between 1 and 2 , as we 
predicted. 


von Koch curve 

The von Koch curve K v is the invariant set of four similarities. 

51 scales by a factor of |. 

5 2 scales by a factor of rotates anticlockwise by | 7 r about (0,0) and 
translates by (§, 0 ). 

5 3 scales by a factor of rotates clockwise by | 7 r about the point (0,0), 
and translates by ( 5 , ^)- 

5 4 scales by a factor of | and translates by (|,0). 

Figure 3.14 shows that these similarities satisfy the open set condition. 



( 0 , 0 ) ( 1 , 0 ) 



See Problem 1.7. 


Here, U is the interior of the 
triangle based on [0,1] with 
height 


Figure 3.14 
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Since each of these four similarities has similarity ratio it follows from 
Theorem 3.2 that 

log 4 log 4 


dim K\r = 


-log | 


log 3 


1.261 


Thus the dimension of the von Koch curve lies between 1 and 2, as we 
expected. 


So, the three examples of fractals that you met in Section 1 — the 
middle-third Cantor set, the Sierpiriski gasket and the von Koch curve — 
all satisfy the conditions of Theorem 3.2 and their dimensions can be 
calculated easily. 

We now look at some other examples of fractals for which this is true. 


Worked problem 3.3 

Let K 0 and K x be the curves shown below. 


( 0 , 0 ) 



( 1 , 0 ) 


( 0 , 0 ) 



K x 


( 1 , 0 ) 


Figure 3.15 

(a) Determine similarities Si, S 2 , • • •, S 5 such that K x = (J? =1 Si(K 0 ). 

(b) Let K n + 1 = (Ji=i Si(K n )j for each n G N. Sketch the set if 2 . 

(c) Show that K = lim n _ 00 K n exists and is the invariant set of 
Si, S2,..., S 5 . 

(d) Show that S x , S 2 ,..., S 5 satisfy the open set condition. 

(e) Determine dim if. 

Solution 

(a) A natural choice of similarities is 

Si{x,y) = (far, -|y) , S 2 (x, y) = (~\y + f , \x ), 

S 3 (x, y) = (\x + 5 , \y + 5 ), S 4 (x, y) = (|y + -\x + |), 

s 5 (x,y) = (1® + b~ 3 y) ■ 
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(b) 



Figure 3.16 

(c) Let 5:/C(IR 2 ) —> /C(IR 2 ) be defined by 

5(K) = UW 

i=1 

Then K n+x = S(K n ), and hence K n = S n (K 0 ) for each n € N. Since 
K 0 is non-empty and compact, it follows from Theorem 2.8 that 
K = lim^oo S n (K 0 ) exists and is the invariant set of Si, 52,, 5 5 . 

(d) The following diagram shows that Si, S 2 , ■ ■ ■, S 5 satisfy the open set 
condition. 





Problem 3.4 _ 

Let K 0 and K x be the sets shown below. 



Figure 3.18 

(a) Determine similarities S l5 S 2 , S 3 , S 4 such that K x = Ut=i Si(ifo)- 

(b) Let K n +i = Uti for each n eN. Sketch the set K 2 . 

(c) Show that K = lim n _ +00 K n exists and is the invariant set of 

, S 2 , *53, S 4 . 

(d) Show that S 1? S 2 , S 3 , S 4 satisfy the open set condition. 

(e) Determine dim K. 
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Conclusion 


In this unit, we have seen how general results concerning topological 
spaces can be used to great effect in the study of fractals. In particular, 
given a family of similarities S \. So ,..., Sk, we have seen how the 
Contraction Mapping Theorem enables us to construct a non-empty 
compact set that is invariant for these similarities. Many sets constructed 
in this way are fractals, and a good estimate of their size can be obtained 
by using the formula given in Theorem 3.1. 

This is also the last unit of the course, and we hope that it has given you a 
flavour of how topological ideas and results can be applied to study other 
areas of mathematics. 

We have travelled a long way from our initial study of continuous functions 
on the real line, and have gained a deeper understanding of the role that 
topology plays in modern mathematics. Topology is a vital part of every 
pure mathematician’s toolkit. 
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Solutions to problems 


1.1 The set K n consists of 2 n line segments, each of 

length Their total length is L n = = (|) n , and 

lining L n = 0. 

1.2 (a) S has similarity ratio 
(b) S has similarity ratio 

1.3 There are many possibilities; for example, the 
similarities 

S\(x) = \x and S 2 {x) = \{x + 1) 
have similarity ratio \ and 

Si([0,1]) U S 2 ([0,1]) = [0, i] U [i, 1] = [0,1], 

1.4 (a) The set K 2 is shown below. 

n J_ 1 _3_ 1 _9_ 5 11_ 

^ 16 8 16 2 16 8 16 

k 2 

(b) The set K n consists of 2 n line segments, each of 

length (|) n . So the length of K n is L n = = (|) n , 

and hm n —►oo l-^n — 0. 

(c) A natural choice of similarities is 
Si(x) = \x and S 2 (x) = \x -|- 

and each has similarity ratio 

1.5 Each of the 3 n triangles that form K n has sides 
of length (|) n , so each of these triangles has boundary 
length 3(^) n . It follows that the total length of their 
boundaries is3 n x^-=3(§) n . 

The boundary of each triangle belongs to the 
Sierpinski gasket, and so the length of the Sierpinski 
gasket is at least 3 (|) n for each n eN. Since (3 (|) n ) 
is a divergent sequence, the Sierpinski gasket does not 
have finite length. 

1.6 The set K n consists of 3 n triangles, each of area 

1 y/3/2 1 V3 

_x _-_ x_=_ 

2 2 n 2 n 4 n+1 ' 

So the area of K n is = ^(§) n . Since Kq C K n , 
the area of Kq is at most ^(|) n for each n eN. 

Since lim^oo = 0, the Sierpinski gasket has 

zero area. 

1.7 A natural choice of similarities is 
Si (x,y) = ik x ^y) ’ 

2/) (2*^”^ 2’ 2^) 1 

£3(2, y) — [\ x + \y + » 

and they each have similarity ratio |. 


1.8 (a) The set K 2 is shown below. 



(b) Each set K n is a finite union of closed bounded 
squares, and so is non-empty and compact. Since 
K n + 1 Q K n , the set K is the intersection of a nested 
sequence of non-empty compact sets, and so is 
non-empty and compact. 

The set K n consists of 5 n closed squares, each with 
sides of length (|) n and area (|) n , so the total area of 
K n is (|) . Since K C K n , the area of K is at most 
(|) n for each n eN. Since lim^oo (|) n = 0, K has 
zero area. 

(c) A natural choice of similarities is 

Si(x,y) = , 

^2(^5 y ) = (3*£ + 3 > 3 y ) -> 

*^3(^5 y ) = (3^5 3 y *+■ 3) ? 

s*( x >y) = (!*+ §>!» + §)> 

Sb { x , y ) — ($x + 3 , + 3 ), 

and each has similarity ratio 

1.9 The set K\ consists of four line segments of 
length When constructing K n , each line segment in 
K n - 1 is replaced by four line segments each of | of the 
length. So K n is a connected curve consisting of 4 n 
line segments each of length (^) n . Using the method 
given in the question, we conclude that Ky has length 
at least (|) n , for each n G N. Since ((|) n ) is a 
divergent sequence, Ky does not have finite length. 

2.1 (a) (— 1 , 1 ] is not closed and so is not compact 

— so it does not belong to /C(IR). 

(b) [0,2 ]g/C(R). 

(c) [ 0 , 00 ) is not bounded and so is not compact — so 
it does not belong to /C(R). 

(d) {1} € IC(U). 

(e) [ 0 , 2 ] n [4, 6 ] = 0 i AC(R). 
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2.2 (a) 


« 

1 


* * 

2 3 


2.5 (a) d (m) (J,if) = max{rf (m) (x,A:):x€J} 

< max{d^ m ^(x, J) : x € «/}, 


d< 1 >(l,[2,3]) = d< 1 )(l,2) = l. 

(b) 

- k * 

0 1 


-t- 

2 


rf< 1 >(l,[0,2]) = rf< x >(l,l) = 0. 


(c) 


V n 

3<> 

2 - 





d (2) ((0,3),{(x,j/) :x 2 + y 2 < 1}) 

= S 2 \(0, 3 ), ( 0 , 1 )) = 2 . 

(d) 


y* 



l 

i 

• 

i i 


-1 0 

1 2 3 

X 

-l 

< 



d< 2 >((2,1), {(3,2/) : \y\ < 1}) = d (2) ((2,1), (3,1)) = 1. 

2.3 Let J CK. Then 

d< m )(x, K ) - min{d( m >(x,k): k € K} 

<min{(f( m )(x,k):keJn]i’} 

= min {S m) {x, k) : k e J} = d (m) (x, J). 

2.4 We begin by sketching the sets J and K. 


y 


X 


The point in J that is furthest from K is (—1,0), so 
S 2 \j,K)=dW((-l,0),K) 

= d< 2 >((—1,0),(1,0)) = 2. 

There is only one point in K, so 

d^ 2 \K, J) — d^((l,0), J) = c? (2) ((l,0), (1,0)) = 0. 



by Lemma 2.2, since J C K. 

By Lemma 2.1, c£( m )(x, J) = 0 if x € J, and so 
d {m) (J,K) = 0. 

(b) d {m) (L,K) = max{d (m) (x,X):x€L} 

< max {<f( m )(x, J): x € L}, by Lemma 2.2 
= d (m) (L, J). 

2.6 The solution to Problem 2.4 shows that 
d< 2 >(J, K) = 2 and d( 2 >(#, J) = 0. So 

dn(J, K) = max{ 2 , 0 } = 2 . 

2.7 (a) 5 ([ 0 , 2 ]) = 5 1 ([0,2])U5 2 ([0,2]) 

= [0, |]u[|,|] = [0, §]. 

This set belongs to /C(IR). 

(b) S([-2,2]) = 5 1 ([-2,2])U5 2 ([-2,2]) 

= [-§,§]u[o, §] = [-§,§]. 

This set belongs to /C(R). 


2.8 (a) 


rl I) 

v 3’ 3/_ 


(— l) 

V 3 ’ 3/ 


( 0 , 0 ) < 


S(K 0 ) 


►( 1 , 0 ) 


( 0 , 0 ) 



(1,0) 


S 2 (Ko) 


(b) Let K n = S n (Ko), for each n eN. 

The set K\ consists of five line segments each of 
length | and K 2 consists of 25 line segments each of 
length (|) 2 . In constructing K n , each line segment of 
K n - 1 is replaced by five line segments of one-third the 
length, so K n consists of 5 n line segments of length 
and so has length (§) n . 

(c) Since Ko G JC(M 2 ), and 5 is a contraction 
mapping with contraction ratio it follows from 
Theorem 2.8 that there is a unique set Ks E JC(R 2 ) 
such that Ks = lim n _oo S n (Ko). 

(This set satisfies 

5 

K s = S(K s ) = tj Si(K s ) 

i—1 

and so is self-similar.) 
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2.9 5 i( 0 ) = S 2 ( 0 ) = 0 , and so Si( 0 ) U S 2 (0) = 0. 
5 i(R) = £2(0?) = R> and so Si(R) U S 2 (R) = R- 
Si([ 0 ,00)) = [ 0 ,00) and S 2 ([ 0 ,00)) = [|,oo) and so 
Si([ 0 ,00)) U S 2 ([ 0 ,00)) = [ 0 ,00). 

2.10 The set [0,2] is closed and bounded, and hence 
is in /C(R). Also, 

5([0 ) 2]) = [0,f]U[|,|] = [0,|]C[0,2]. 

It follows from Theorem 2.8 and Lemma 2.9 that 
flneN £ n ([0> 2]) is the unique set in /C(R) that is 
invariant for Si and 52- Thus f] neN S n ([0,2]) = Kq. 

2.11 (a) 

( 1 , 1 ) 


( 0 , 0 ) 

Ko 



(b) It follows from Theorem 2.8 that lim n _Kx> K n is 
the unique set in /C(R 2 ) that is invariant for S. Now if 
K' = {(#, y) : y = x, 0 < x < 1}, then 

S(K') = S 1 (K')uS 2 (K') 

= {(x,y):y = x, 0 < x < |} 

U {(x,y):y = x, \ < x < 1} 

= K’. 

Thus K' is invariant for S. 

Since K' G /C(R 2 ), we deduce that K' = lim™-^ K n . 


3.1 (a) 



Ni{A) = 12 . 

(b) 4 



Ni(A) = 6. 

(c) 



Ni(A) = 5 . 



Ni{A) = 10 . 
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3.2 We follow the technique described in Worked 

problem 3.1. 

Our objective is to find 

log N d (K s ) 

hm-r- 3 —. 

d—*o — log a 

For a given d > 0, we estimate Nd{Ks) by comparing 
it with Nd(K n ), where n is chosen so that 4 -n is 
approximately equal to d. 

We note first that, at the nth stage of the construction 
of Ks, the set K n consists of 2 n line segments each of 
length (|) n . The set K n contains Ks , and since the 
endpoints of the intervals making up K n are not 
removed in the construction, each of the 2 n intervals 
of K n contains a point of Ks- 
Let d < 1 and choose an n G N so that 
4" n < d < 4“ (n_1) . 

We find an upper bound for Nd(Ks) by observing that 
each of the 2 n line segments making up K n intersects 
at most six boxes from Gd, and so, since Ks Q K n , 

N d {K s ) < N d (K n ) < 6 x 2 n = 3 x 2 n+1 . 

To find a lower bound for Nd(Ks), we notice that each 
interval in K n contains a point of Ks , and each box in 
Gd can intersect at most two intervals in if n , so 

N d (Ks) > y = 2”- 1 . 

Hence 

2 n_1 <N d (K s ) <3x2 n+1 , 
and so 


(n - 1 ) log 2 < log N d {Kc ) 

< (n + 1 ) log 2 +log 3. (S.l) 

Now, since 4 _n < d < 4 “( n “ 1 ) j 
-nlog4 < logd < — (n — 1) log 4, 


and so, for n > 2 , 

1 < 1 1 
nlog4 “ — logd (n — l)log4 

Thus, for n > 2 and 4 -n < d < 4“( n_1 ), we can 
combine these inequalities with (S.l) to obtain 

(n - 1) log 2 < log N d {K s ) (n+ 1) log 2 +log 3 
nlog4 ” — logd (n-l)log4 


Now 


lim 

n—► 00 


(n - l)log 2 
nlog4 



log 2 _ 1 


log 4 2 


log 2 
log 4 


and 


(n+ 1 )log 2 -blog3 
n^oo (n — l)log4 

= lim ('lillM') |2£2 + lim t 1 ■\j283 

n —>00 yl — (l/n)y log 4 n->oo y n — 1 J log 4 

_ log 2 _ 1 
“ log4 “ 2 ' 


Since n — »ooasd—>0, we deduce 

logiV d (Kc) _ 1 
— log d 2 


dim Ks = lim 
d—o 


3.3 We take U to be the interior of the equilateral 
triangle based on the line segment joining ( 0 , 1 ) to 
( 1 , 0 ), as shown below. 




x,_ 'C _ -1 

(0,0) Si(U) S 2 (U) (1,0) 


From the figure, we see that the sets 5i(t/), S 2 {U) and 
Ss(U) are disjoint and Si(U) U S 2 {U) U Ss(U) C U, 
and so the open set condition is satisfied. 

3.4 (a) A natural choice of similarities is 

S\{x,y) = ( 5 ^, 5 y) 1 

S2(x,y) = (i(x + 4),iy), 

S 3 (x,y) = (ia;,i( 2 / + 4)), 

Si{x,y) = (f + 4), \{y + 4)). 


( 0 , 0 )" ■ 


K 2 



(c) Let S: /C(R 2 ) -+ £(R 2 ) be defined by 

4 

S(K) = |J Si(K). 

i=1 

Then K n +\ = S(K n ), and hence S n = S n (Ko) for each 
n eN. Since Ko is non-empty and compact, it follows 
from Theorem 2.8 that K = lim^oo S n (Ko) exists 
and is the invariant set of 5i, 52, S 3 , S 4 . 

(d) The diagram below shows that S\, S2, S3, S4 
satisfy the open set condition. 



'-1(M) 


( 0 , 0 ) 

J Si(U) 


(e) It follows from parts (c) and (d) that the 
conditions of Theorem 3.2 are satisfied. Since each of 
the similarities 5 1 , 52, S 3 , S 4 has similarity ratio 
we have 

log 4 log 4 


dim K = 


• log \ log 5 
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